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Isomorphism Problem for Relational Structures with a Cyclic 
Automorphism 
P. P. PALFY 
The problem we discuss here is the conjecture of Adam [I) concerning the isomorphism problem 
of cyclic (or, in other words, circulant) graphs and its generalization by Babai [4). We attempt to 
give a fairly complete survey of results related to Adam's conjecture. We prove that the isomorphism 
classes of all n-element relational structures (not only graphs) with cyclic automorphism have the 
anticipated simple form if and only if (n, <p(n» = I or n = 4, where <p(n) is Euler's <p function. The 
same result holds if only quaternary relational structures are considered. 
SURVEY 
ADAM'S CONJECTURE, GENERALIZATIONS, REFORMULATIONS 
We define (di)graphs on the set of vertices labelled with residue classes of integers modulo 
n. Let T s; {O, 1,2, ... , n - I}, then (i,j) is an edge of the graph r(n, T) with connection 
set T iff i - JET (all arithmetic should be done mod n). Obviously, the cycle 
(0 I ... n - I) is an automorphism of the cyclic graph T(n, T). Conversely, if 
(0 I . . . n - I) is an automorphism of a graph T on the vertex set {O, I, ... , n - I} 
then denoting by T the neighbours of 0, we have T = T(n, T). 
It is easy to see that T(n, kT) ~ r(n, T) for any k prime to n. In 1967 Adam [I) 
conjectured that the converse is also true, i.e., if T(n, T) ~ T(n, T') then there exists a k, 
(k, n) = I such that T' = kT. In the next section we shall see that the conjecture does not 
hold in general. 
Following Babai [4] we consider an arbitrary finite group G and Cayley objects of G taken 
from any class of relational structures. By a Cayley object of G we mean a relational 
structure with underlying set G such that the right translations gR: G -+ G«X)gR = xg) are 
all automorphisms of the structure. Now Adam's problem can be generalized as follows: 
Given a finite group G and a class f of relational structures (a 'concrete category'-in 
Babai's paper), it is true that for any two isomorphic Cayley objects of G in f there is an 
isomorphism between them which is at the same time an automorphism of the group G 
(which serves as the common underlying set of both structures)? We say that G satisfies the 
CI-property (abbreviation for Cayley isomorphism) for the given class, or briefly, G is a 
f-CI-group, if the answer is affirmative. Finally, we say that G is a CI-group if it satisfies 
the CI-property for any class of relational structures. 
There is a group theoretic reformulation of the CI-property. 
LEMMA 0.1 (Babai [4, lemma 3.1], for the case of graphs also Alspach and Parsons [3, 
theorem I)). G is a f -CI-group if and only if for any Cayley object X E f of G every regular 
copy ofG in Aut X is conjugate to the right regular representation GR within AutX[i.e. Vs E SG: 
(s-'GRs ~ Aut X = 3a E Aut X: a-'GRa = s-'GRs), where SG is the symmetric group acting 
on the set G and GR is the right regular representation of G]. 
Since every permutation group is the automorphism group of a suitable relational struc-
ture, we have the following: 
COROLLARY 0.2 (Babai [4, corollary 3.2)). G is a CI-group if and only if any two regular 
copies ofG, G1 and G2 ~ SG are conjugate in the subgroup (G" G2 >. (In other words, G is a 
CI-group iffGR is a pronormal subgroup ofSG, see [23J). 
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ADAM'S CONJECTURE FAILS 
The first counterexamples for Adam's conjecture were found by Elspas and Turner [12] 
in 1970. These were directed graphs on 8 and undirected graphs on 16 vertices. 
In the undirected case the conjecture turned out to be false for the following values of n 
(n always stands for the number of vertices): n = 25-R. M. Wilson (see [5, footnote on 
p. 36]); n = 16,24, 25, 27, 32, 36-unpublished computer survey by B. McKay; n = k2, 
k = 4, 5, 7, 8, ... -Babai and Frankl [5]; n divisible by 16, 27 or p2, for a prime p ~ 5 
-Alspach and Parsons [3] (although their paper does not contain the proof for the case 
27)n); n > 8 is divisible by 8-Hell and Kirkpatrick (unpublished, see [3, p. 108]). 
In the directed case the conjecture fails if n is divisible by 8 or by a square of an odd prime. 
The proof by Alspach and Parsons [3] uses the fact that if the conjecture fails for some n 
then it also fails for any multiple of n (see [3, theorem 4] or [5, lemma 3.2]), while Egorov 
and Markov [11] construct counterexamples directly for every such n. 
In the light of these constructions Adam's conjecture has to be restricted to graphs where 
the number of vertices, n, is square-free or n = 4m, where m is odd and square-free. (The 
density of this subset of natural numbers is 7/n2 ). For all other values of n there are directed 
graphs on n vertices disproving the conjecture. One can almost always find undirected 
counterexamples as well, from the results quoted above and from our lemmas 5.1 and 5.2 
it will follow that the only values of n for which the conjecture holds in case of undirected 
graphs but there are known directed counterexamples are 8, 9 and 18. 
ADAM'S CONJECTURE HOLDS 
The first positive result was obtained in the case when the number of vertices is a prime. 
The proof by Elspas and Turner [12] (cf. [26]) and also by Djokovic [10] uses the spectra 
of graphs. In virtue of Lemma 0.1 the fact is an immediate consequence of the Sylow 
theorems as it was observed by Babai [4], Alspach and Parsons [3]. The conjecture also 
holds for n = 2p (p prime)-Babai [4]; n = 3p, p > 3-Babai, announced in [6]; n = 4p, 
P > 2-Godsil [14]. A computer survey by B. McKay revealed that in case of undirected 
graphs the only values n ~ 37 for which the conjecture fails are 16,24,25,27,32,36. The 
conjecture also holds for n = pq, where p and q are distinct primes. This significant result 
was proved independently by Godsil [14], Klin and P6schel [19], Alspach and Parsons [3]. 
(Remark that the number of values n ~ N for which the conjecture has been proved is 
asymptotically NloglogN/logN, see [16, p. 368]). Most of the proofs~ven if it is not 
explicitly stated-work in the directed case as well. 
Our Theorem A will imply that the conjecture holds for those n for which (n, «J(n)) = I, 
where «J(n) is Euler's «J function. In fact, we prove that Zn is a CI-group if and only if 
(n, «J(n)) = 1 or n = 4. It is worth noting that there is only one group of order n exactly 
when (n, «J(n)) = I (see [24]). Up to N there are asymptotically e-Y N/logloglogN such 
numbers, where y = 0·5772 is Euler's constant (see [13]). 
In 1979 Egorov and Markov published a sketchy proof for square-free n [11]. However, 
this proof seems to be not satisfactory. It proceeds by induction on the number of prime 
factors of n, and in the case when n is the product of two primes it reduces to a few hardly 
understandable lines. No detailed proof has appeared ever since. 
Ya. Yu. Gol'fand is reported to have found a proof recently (see 'Note added in proof' 
at end of paper). 
OTHER RELATED RESULTS 
Although Adam's conjecture is not true in general, the isomorphism classes of cyclic graphs 
can be described in some cases, for example when n = l, p > 2-Alspach and Parsons 
[3]; n = l, p > 2-Klin and P6schel [20]; n = 2k-Klin, Najmark and P6schel [18]. 
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The conjecture holds for cubic graphs, see Toida [25]. He also conjectures that Adam's 
conjecture is always true for graphs with connection sets ~ Z:, where Z: is the group of 
multiplicative units in the cyclic group of order n. However, Adam's aim was to give a 
classification for all isomorphism classes. 
Some noncyclic groups were proved to be CI-groups with respect to the class of graphs, 
r;§, namely the dihedral groups of order 2p (Babai [4]) and Zp x Zp (Godsil [14], also 
announced in [6]), while it is only conjectured that Z; is a r;§-CI-group for all primes p, 
k ~ 1 (see [5, problem 2(b)]). Some necessary conditions for r;§-CI-groups were obtained 
by Babai and Frankl, for some groups of odd order [5] and for non solvable groups [6]. 
The isomorphism classes of cyclic Steiner triple systems on prime number of points were 
characterized by Bays in 1931 [7, theon!me 6, p. 28], see also [9, theorem 4.1, p. 225]. Our 
Theorem A generalizes this result for the case when the number of points, n, satisfies 
(n, cp(n» = 1, so it can be considered as a contribution to problem 5.3.(2) of Col bourn and 
Mathon [9, p. 233] as well. (My thanks are due to A. Rosa for calling my attention to these 
papers.) 
Other types of relational structures were considered only by Babai [4] and the author [23]. 
Babai showed that the following groups are CI-groups: Zp [theorem 2.3], Z4, Z2 x Z2 
[corollary 3.3]. We proved that Zn is a CI-group if (n, cp(n» = 1 and the prime divisors of 
n grow rapidly. Now we shall improve this result getting rid of the additional condition (see 
Theorem A). Some related results can be found in a paper of Tyskevic [27]. 
Babai [4, theorem 4.4] proved that the groups of order 2p have the CI-property for the 
class of relational structures with at most ternary relations but do not if quaternary 
relations are allowed. We shall extend this result showing that for any group which is not 
a CI-group there are quaternary relational structures showing this fact (Theorem B). 
Combining the two theorems we have the characterization ofCI-groups. G is a CI-group 
if and only if G ~ Zn, with (n, cp(n» = 1 or jGj = 4. The proofs are entirely group 
theoretical attacking the problem in its group theoretical form provided by Lemma 0.1 and 
Corollary 0.2. One part of the proof of Theorem A, namely Lemma 2.1, uses the classifi-
cation of the doubly transitive groups. 
RESULTS 
THEOREM A. Zn is a CI-group if (n, cp(n» = 1. 
PROOF. We proceed by induction on the number of prime divisors of n. If n is a prime 
number then the CI-property easily follows from the Sylow theorems [4, theorem 2.3]. So 
let n be composite. We also know that (n, cp(n» = 1, hence we have the following: 
(1) n is a composite number; 
(2) n is square-free; 
(3) n is odd; 
(4) for all divisors n), n2 of n, (n), cp(n2») = 1; 
(5) for all proper divisors m of n, Zm is a CI-group (by induction). What we have to prove 
is that for any two n-cycles x, Y E Sn, the cyclic subgroups (x) and (y) are conjugate in 
(x, y) (in this paper Sn and An are the symmetric and alternating groups of degree nand 
(x, y) is the subgroup generated by x and y). Now the group G = (x, y) is of composite 
degree and it contains a full cycle, hence by the theorem of Burnside and Schur (see [28, 
p. 65]) it is either imprimitive or doubly transitive. Since n is odd we have G ~ An. Hence 
the following three cases cover all possibilities: 
1. G is imprimitive; 
2. G is doubly transitive, G #- An; 
3. G = An. 
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In case 1, first-using the induction hypothesis-we shall find a conjugate <y') of <y) 
in <x, y) such that <x) and <y') act in the same way on the set of blocks and <X") and 
<y,m) act in the same way on each block (m is the number of blocks) and then we prove 
that (x) and <y') are conjugate in <x, y') actually constructing the conjugating element. 
The method here is essentially the same as in our earlier paper [23]. 
In case 2 we invoke the classification of doubly transitive groups in order to prove that 
for certain prime divisor of n the Sylow subgroups of G have prime order. This enables us 
to reduce this case to the previous one. 
Finally, in case 3 elementary considerations will yield the result. 
1. <x, y) IS IMPRIMITIVE 
In this case the proof is similar to the proof of Theorem 1 in [23]. We have to replace 
Lemma 1.1 and slightly modify Lemma 1.3 only. We shall formulate all the four lemmas 
but shall not repeat the proofs. 
Let x = (1 2 ... n) and y be an arbitrary n-cycle in Sn such that (x, y) is imprimitive, 
i.e., it admits an invariant partition with m blocks each of size k (mk = n). Let 
Zi = {i i + m ... i + (k - l)m) (i = 1, 2, ... , m), P = <zil1 ~ i ~ m). So X" = 
ZI Z2 ... Zm, X-I ZiX = Zi + I (subscripts must be considered modulo m). 
LEMMA 1.1. If <x, y) admits an invariant partition with m blocks of size k and Zk is a 
CI-group then there exists a y' E Sn such that y' is conjugate to y in (x, y) and y,m E P. 
PROOF. The only such partition invariant for <x) is formed by the orbits of X". The 
same holds for y as well, hence if we put ~ = WI W2 ... Wm, where Wi is a k-cycle containing 
i, then the k-cyc1es Zi and Wi permute the same k elements. Since-by assumption-Zk is a 
CI-group, we can find an element tl E (X", ~) such that tllwltl = Z~l, for some ai' 
(ai, k) = 1. Similarly, there is an element t2 E <X", til ym tl ) such that tz l (til W2 tl)t2 = Z~2 
and(a2,k) = 1.Moreover,tzl(tllwltl)t2 = tzlz~lt2 = z~l,sincezliscentralizedby(X", 
til ym t I ). Continuing this process we find elements t3 , ••• , tm such that for t = t I t2 . . . tm 
we have t-Iwjt = z~;, so y' = rlyt satisfies y'm = rl~t = t-I(WIW2'" wm)t = 
Z~l Z~2 ... Z':; E P. 
LEMMA 1.2. If Zm is a CI-group and ~ E P then there exists a y' E Sn such that (y') is 
conjugate to (1) in (x, y), y'-I(Z;)y' = (Zj+l) and y,m E P. (See [23]). 
LEMMA 1.3. Ifm is prime to both k and <p(k), ~ = Z~IZ~2 . .. Z':; with (ai' k) = 1 and 
y-I ZiY = Z~~I with (bi, k) = 1 then there exists a y' E Sn such that (y') is conjugate to (y) 
in (x, y), y,m = X" and y,-I Ziy' = Zi+I' 
(It appears in [23] with the additional assumption that k is a prime number. This 
assumption is superfluous. We have to choose a number r so that mr == - 1 (mod <p(k)) and 
then set 
m 
U = n «yx-Iy(m-Jl x), 
j=1 
for a suitable s, (s, n) = 1, in the same way as in [23].) 
LEMMA 1.4. If(m, k) = 1, ~ = X" and y-I Zjy = Zj + I then y is conjugate to x in <x, y). 
(As in [23], choose t so that mt == - 1 (mod k). Set 
m 
W = n «yx-I),(m-Jl x). 
j=1 
Then y = w-Ixw.) 
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2. <x, y) = G IS DOUBLY TRANSITIVE BUT G =1= An 
We shall reduce this case to the previous one. We prove an auxiliary result-slightly more 
general than we actually need-making use of the classification of the doubly transitive 
permutation groups what eventually depends on the recent classification of finite simple 
groups. (Actually, we could reach our goal more easily just referring to the short list of 
doubly transitive groups containing a full cycle (15, p. 56]. However, we hope that the 
following lemma will find further applications.) 
LEMMA 2.1. Let G ~ Sn be a doubly transitive group, G =1= An, Sn. Jfn is square-free then 
there exists a prime divisor p of n such that the Sylow p-subgroups of G have order p. 
PROOF. First observe that if n is a prime then the assertion is obvious (even without 
excluding the alternating and symmetric groups). Now consider the socle of G (that is the 
product of all minimal normal subgroups of G). If it is abelian then n is a prime-power, and 
since it is also square-free, it is a prime and the result follows. The doubly transitive groups 
with nonabelian socle have been classified (Table 1, cf. [8, p. 8]). 
TABLE I 
Doubly transitive groups with nonabeIian socle 
Degree Socle 
n (I - I)/(q - I) 
if + I 
r/+I 
if + I 
2d- I (2d - I) 
2d- I (2d + I) 
II 
II 
12 
12 
15 
22 
23 
24 
28 
176 
276 
(q = c/o. qo prime) 
·See Table 2. 
Socle 
PSLd(q) 
PSUd(q) 
2B2(q) 
n ~ 5 
d ~ 3 or d = 2. q ~ 5 
q ~ 3 
q=2odd~8 
q = 30dd ~ 27 
d~3 
d~3 
IGI divides 
TABLE 2 
An 
PSLiq) 
PSUiq) 
2B2(q) = Sz(q) 
lG2 (q) = Re(q) 
SPu(2) 
SPu(2) 
PS~(II) 
Mil 
Mil 
MI2 
A7 
Mu 
M2l 
M24 
PSL2(8) 
HS 
COl 
(I - 1)(/- 1 - I) ... (q - I)qd(d-')/2J 
(ql + I)q\r/ - I)J 
(q2 + I)r/(q - I)J 
(n denotes the degree) 
e 
dJ 
6J 
4J 
Remark 
excluded 
• 
• 
• 
4 divides degree 
4 divides degree 
4 divides degree 
degree prime 
degree prime 
4 divides degree 
4 divides degree 
choose p = 5 
choosep = II 
degree prime 
4 divides degree 
4 divides degree 
4 divides degree 
4 divides degree 
tfo - I 
n(q - I) 
n(if - I) 
n(r/ - I) 
We have to tackle the cases indicated by * in Table 1. In these cases we define e as shown 
in Table 2. By a theorem of Zsigmondy [29] (see also [17, p. 508]), with a few exceptions 
there is a prime p such that the multiplicative order of qo modulo p is e and, of course, p 
does not divide e. The exceptional cases are e = 2, qo + 1 is a power of 2 and e = 6, 
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qo = 2. If e and qo are not exceptional then from Table 2 we see that the same power of 
p divides q'O - I and n. Since n is square-free it is the first power. Now from the order 
formulas we see that the choice of p ensures that only the first power of p divides \G\. 
Turning now to the exceptional cases, let first e = 2, qo + 1 be a power of 2. Then by the 
choice of e we have that the socle ofG is PSL2 (qo) and n = qo + 1, which is not square-free. 
Secondly, if e = 6, qo = 2 then we have one of the following cases: the socle of G is 
PSL6(2) of degree 63-not square free; 
PSL3(4) of degree 21-p = 7 will do; 
PSL2 (8) of degree 9-not square-free 
So if (x, y) is doubly transitive but not An, Lemma 2.1 provides a prime divisor p of n 
(which is square-free now) such that the Sylow p-subgroups of (x, y) have order p. Hence 
-with the notation m = nip-both (x"') and (ym) are Sylow p-subgroups in (x, y), so 
they are conjugate in it. Then there exists a y' E Sn such that (y') is conjugate to (y) in 
(x, y) and y'm = x"'. Now (x, y') is imprimitive with respect to the orbits of (x"') = 
(y'm), so we have reduced case 2 to case 1. 
3. (x, y) = An 
In this case we can settle the question in an elementary way. 
LEMMA 3.1. There are two or one conjugacy classes of regular cyclic subgroups in An 
(n odd, n > I), according to whether n is a square or not. 
PROOF. As there is a unique conjugacy class of regular cyclic subgroups in Sn, the 
number of conjugacy classes in An is one or two and it is two if and only if the normalizer 
of a regular cyclic subgroup is contained in An. The normalizer consists of the linear 
permutations x ~ ax + b, where a E Z:, b E Zn. Let n = TI7 ~ 1 p~', and choose numbers 
gi so that the multiplicative order of gi modulo p;' be Pi - 1 and gi == 1 (mod Pi) for all 
j =I i. Since n is odd, it is enough to check if there is some gi such that x 1--+ giX is an odd 
permutation. This permutation fixes the nip;' elements divisible by p;' and permutes the 
remaining in n(l - l/p;')/(Pi - I) cycles of length Pi - l. So this permutation is odd if 
and only if n(l - l/p?)/(Pi - l) is odd, i.e. iff ei is odd. 
Since in our case n is square-free the result follows in case 3 as well. 
THEOREM B. If G is not a CI-group then there exists a quaternary relation R c A4 such 
that Aut (A; R) contains nonconjugate regular copies of G. 
PROOF. Since Zn for (n, cp(n» = I and the four-element groups are CI-groups we shall 
construct the appropriate quaternary relational structures for any other finite group G. Our 
constructions will be based on the following lemma. 
LEMMA 4.1. Let H be a finite group, R = {(x, y, z, u) E H 4 \xy-1 zu- I 1}. Then 
Aut(H; R) = HoIH = {x ~ oc(x)h\oc E AutH, h E H}, the holomorph of H. 
The proof is straightforward, cf. [21, p. 463, exercise 2]. 
LEMMA 4.2. With the exceptions Zm, Z2 X Zm, Z4 X Zm and Z2 x Z2 X Zm, where 
m is an odd square-free number, HoI G contains nonconjugate regular copies of the finite 
group G. 
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PROOF. The right regular representation GR is normal in HoI G. So we have to find 
another regular copy of G in HoI G. If G is noncommutative then the left regular represen-
tation GL is one such subgroup. Hence from now on we deal with the abelian case. If 
G = A x H and A' :::;; Hoi A is a regular copy of A, different from A R , then A' x HR is 
a regular subgroup of Hoi (A x H) and it is different from GR = AR X HR' Hence we have 
to settle the following cases only: 
(I) Zpk = <a), k ~ 2, p > 2 or k ~ 3, p = 2; 
(2) Zp x Zp = <a, b), p > 2; 
(3) Z2 x Zz X Zz = <a, b, c); 
(4) Z4 x Z4 = <a, b); 
(5) Z4 x Zz = <a) x <b). 
Now we define some permutations a', b', c' in the following way: 
(1) a'(a') = d pk - 1 +1)x+1 (cf. [23, Lemma 2.4, 2.7]); 
(2) a'(a'bY) = a'+lbY, b'(axbY) = a'+Yby+1 (cf. [23, Lemma 2.5]); 
(3) a'(a'bYc) = a'+lbYc, b'(a'bYc) = a'+zby+lc" 
c'(a'bYc) = a'+YbYcz+1 (cf. [23, Lemma 2.8]); 
(4), (5) a'(a'bY) = a'+lbY, b'(a'bY) = ax+Zy+lby+l. 
The reader can check that the subgroups <a'), <a', b'), <a', b', c'), respectively, are regular 
subgroups in HoI G, different from GR' 
REMARK. In the remaining cases GR is the only regular copy of G contained in HoI G, 
however we do not need this fact. 
To conclude the proof of Theorem B in the remaining cases we take another group H 
such that HoI H contains nonconjugate regular copies of G: 
(6) G = Zn, n is square-free, but (n, <p(n» > 1. Choose a prime divisor p of n with pi <p(m), 
m = nip. Then there is a noncommutative group H of order n with a cyclic normal 
subgroup <a) of index p. Let b be an element of order pin H and in this case let c = a. 
(7) G = Z4 X Zm, m is odd and square-free, m > 1. Then let H = <a, bl~ = 1, b4 = 1, 
b-Iab = a-I) and c = a. 
(8) G = Z2 X Zz X Zm, m is odd and square-free, m > 1. Then let H = <a, bldm = 1, 
bZ = 1, b-Iab = a-I), c = d. 
In all cases let GI = <aR, bL ), G2 = <aL , bR ), subgroups of HolH. It is easy to check 
that both GI and Gz are regular subgroups and they are isomorphic to G. Now < cR ) is the 
unique subgroup of order m both in GI and in HR' HR is normal in HoIH, hence <cR) is 
also normal in HoI H. Similarly < cL ) is the unique subgroup of order m in Gz and < cL ) is 
normal in HoIH. However, <CL) =F <cR), so GI and Gz cannot be conjugate in HoIH. 
This finishes the proof of Theorem B. 
ADAM'S CONJECTURE FAILS FOR n = 8m, m > 1 AND n = 9m, m > 2 
LEMMA 5.1. Adam's conjecture fails for (undirected) graphs with 8m, m > 1 vertices. 
(According to [3, p. 108] this result was found by P. Hell and D. Kirkpatrick). 
PROOF. Let TI = {±2, ±(2m - 1), ±(2m + I)}, Tz = {±2, ± 1, ±(4m - I)} be 
the connection sets. One can easily check that 
{
X, if x is even; 
X 1---+ 
x + 2m, if x is odd, 
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is an isomorphism between the cyclic graphs F(8m, T J ) and F(8m, T2), but there is no k, 
(k, 8m) = 1 such that x f-+ kx were an isomorphism between the two graphs (cf. [12]). 
LEMMA 5.2. Adam's conjecture fails for (undirected) graphs with 9m, m > 2 vertices. 
PROOF. Let T; = {± 1, ± (3m + 1), ± (6m + 1), ± 3(im + I)}, i = 0, 1,2. We claim 
that T(9m, To) is isomorphic to F(9m, T;) if 3 does not divide im + 1. Indeed, the reader 
can check that in this case x f-+ (im + l)x - imx', where x' == x (mod 3), 0 ~ x' < 3, is 
an isomorphism between the two graphs. Moreover, if kTo = T; then k = ± (3jm + 1), 
o ~ j ~ 2. Hence ± 3(im + 1) = k( ± 3) = ± 3(3jm + 1) = ± 3. If 3(im + 1) = 3 
then i = O. If 3(im + 1) = - 3 then 3im == - 6 (mod 9m) so 3m divides 6, which is not 
the case. Since one of the numbers m + 1 and 2m + 1 is not divisible by 3, F(9m, To) and 
F(9m, T;) for i = 1 or 2 provide the desired counterexample. 
NOTE ADDED IN PROOF 
For the case n is odd and square-free, see Ya. Yu. Gol'fand, description of subrings of 
V (SPJ x SP2 X •.. x SPm) (in Russian), Investigations in the algebraic theory of combina-
torial objects, Proc. Seminar Inst. System Studies, Moscow, 1985, pp. 65-76. 
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